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(Received 15 September 2001; in � nal form 11 February 2002; accepted 12 February 2002)

Not only in ferroelectric liquid crystal displays (LCDs), but also in antiferroelectric LCDs,
grey levels are possible by actively addressing the ‘continuous director rotation mode’. For
ferroelectric LCDs this was shown qualitatively and quantitatively in previous articles. In this
article it is shown that an exact analytical approach is also possible for antiferroelectric
LCDs. In two consecutive layers the director orientations are symmetric, and at zero voltage
they are in a splayed state. The conditions on alignment layer thickness and interaction
coeYcients are related to those of ferroelectric liquid crystal but are easier to ful� ll.

1. Introduction uniform Q-theory, but that an exact analytical solution
For antiferroelectric liquid crystals there has been is possible, at least in the bookshelf geometry, and if one

discussion as to whether thresholdless V-shaped charac- neglects dielectric anisotropy. This is not always justi� ed
teristics are possible [1]. In this discussion an approxi- but we think its in� uence is negligible at the small
mate theory, the so-called uniform Q-theory, plays an voltages where V-shape characteristics take place.
important role [2], in which the orientation of the layer The derivation of the equations of motion and of the
polarization is considered to be independent of the depth stationary states always starts from an energy expression.
within the liquid crystal cell. This theory often gives a Two approaches are used in the literature. Either one
qualitative insight into what is happening. The so-called solves the problem with a computer program without
symmetrical up-state (SU) plays an important role in avoiding complexity, or alternatively, one tries to � nd
explaining V-shaped characteristic s [3]. If one has applied analytical solutions and so seeks to avoid non-essential
a suYciently strong positive voltage, and thus has set complexity. Nakagawa [4] and De Meyere and Dahl [5]
the liquid crystal in the ferroelectric up-state (FU) and have studied the shape of the chevron structure and tried
then lets V gradually decrease, one � rst goes over to to develop the most general energy expression. Sabater
the SU-state, with the polarization in two successive and Oton [6, 7] also used a very general expression and
layers symmetrical with respect to the � eld direction. If include a chevron structure, bending and motion of the
one succeeds in remaining in this state until V 5 0, an chevron tip, dielectric anisotropy, etc. The controversy
alternating state (or antiferroelectric state) results, with

over V-shaped switching in ferroelectrics and antiferro-
both polarizations parallel to the electrodes. We shall

electrics was not known at that time. In this respect
call this state the continuous director rotation state

the polar interaction with the alignment layers plays a
(CDR) because it gives rise to the thresholdless V-shaped

crucial role, and this was not included by Sabater and
characteristics. If the liquid crystal does not remain

Oton [6, 7]. Fornier et al. [8] used a somewhat less
in the SU-state but switches to the normal alternating

general model but did brie� y study the in� uence of polar
state (NA) with both polarizations perpendicular to the

interaction.
electrodes, then the normal tri-state switching with

Mottram and Elston [9, 10] more or less follow ourthresholds and hysteresis is observed.
approach. They try to gain as much insight as possibleThe careful study of the SU-state is thus important.
using analytical solutions, and thus reduce the energyWe found that it is not necessary to use the (approximate)
expression to its essential components. Even if they use

computer solutions, they start from these simple energy*Author for correspondence;
e-mail: Herman.Pauwels@elis.rug.ac.be expressions. We will later compare their results with ours.
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850 H. Pauwels

The energy expression we use is the Gibbs free energy
(per unit area),

2G 5 P 1
2

aCAqQ1
qx B2

1 AqQ2
qx B2Ddx

1 P A cos (Q1 Õ Q2 ) dx 1 2Fs

1 P (Õ EP cos Q1 Õ EP cos Q2 Õ ee0E2 ) dx

where Q1 and Q2 are the azimuthal angles of the directors
in two successive layers. The term containing A describes
the antiferroelectric interaction; Mottram and Elston
[9] recognized that we were the � rst to use such an
expression. The term containing a supposes a single
elastic constant (K1 5 K2 5 K3 ). This isotropic elasticity
assumption also assumes that the elasticity may be taken Figure 1. The symmetrical up-state (SU). The smectic layer

planes are parallel to the � gure plane. In the bulk theas nematic-like within the smectic layer. The term Fs orientation of the polarizations are uniform but at thedescribes the interaction energy with the alignment layers
surface they tend to point into the alignment layers.and contains a non-polar and a polar interaction term:
These surface layers are indicated by dashed lines. Finally

c1 sin2 Q Ô c2 cos Q at the top and bottom alignment the alignment layers with total thickness da are indicated
layer and for both Q1 and Q2 . and the top and bottom electrodes by the bold lines.

In deriving the Euler–Lagrange equations, it was
proved in [11] that E may be considered as invariable,
although it depends on Q1 and Q2 through Maxwell’s
equations. However the solutions of these Euler–Lagrange with the boundary conditions
equations maximise G at constant potential over the
cell. One may also treat E as a function of Q1 , Q2 . One

a
qQ

qx
5 c1 sin 2Q Õ c2 sin Q (at bottom) (2 a)

ends up with the same equations of motion but in an
unnecessarily complicated form. Several authors prefer
to follow the latter approach so their equations look a

qQ

qx
5 Õ c1 sin 2Q Õ c2 sin Q (at top) (2 b)

more complicated than ours. In particular the term in
E2 has no in� uence on the equation of motion provided

for both Q1 and Q2 . The parameters c1 , c2 , A, g and aone neglects anisotropy.
are the non-polar and the polar interaction coeYcient,
the antiferroelectric interaction coeYcient, the viscosity

2. Analytical solution and the elastic constant respectively.
In � gure 1 the situation of the SU-state is represented, The symmetrical up-state is characterized by Q2 5 Õ Q1and this assumes the bookshelf structure. The smectic for all x, and thus also in the surface layers. This also

layer planes are parallel to the � gure plane. There is a implies that the problem is one-dimensional since the
bulk state with uniform orientations of the polarizations, polarization charges in consecutive layers are identical.
and two surface layers where the polarizations tend The stationary equation, qQ/qt 5 0 with Q1 5 Õ Q2 5 Q is
to turn into the alignment layers. These are indicated
between the dashed lines. Finally there are the two

a
q2Q

qx2
5 EP sin Q Õ A sin 2Q (3 a)alignment layers with thickness da and the top and

bottom electrodes indicated by the bold lines.
The non-stationary equations are [12–14], according where

to Euler–Lagrange,
ee0E 5 D Õ P cos Q (3 b)

g
qQ1
qt

5 a
q2Q1
qx2

Õ EP sin Q1 1 A sin (Q1 Õ Q2 ) (1 a)
with D independent of x. The uniform bulk solution,
Q independent of x, obeys

g
qQ2
qt

5 a
q2Q2
qx2

Õ EP sin Q2 1 A sin (Q2 Õ Q1 ) (1 b)
(D Õ P cos Qu )P 5 2ee0A cos Qu
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851V-shaped characteristics

or From equation (5) it then follows

V 5 cos Qu CPA1 1
2ee0A

P2 B da
ea e0

1
2A

P
dDD 5 P cos Qu A1 1

2ee0A

P2 B (4 a)

and Õ A a

ee0
B1/2 1

A1 1
2ee0A

P2 B1/2
(2Qu Õ Qb Õ Qt ). (6)

Eu 5
2A
P

cos Qu . (4 b)

In these equations Qu , Qb and Qt are the Q-values in the
uniform bulk, the bottom surface and at the top surfaceIn the surface layers, we multiply equation (3 a) with
respectively. In � gure 2, two cases of Q-distributions andee0 dQ/dx, giving rise to
the corresponding cos Q distributions are shown. These
are qualitative � gures, not calculated ones. In the � rstee0a

2
d

dxAdQ

dxB2
case the polarization is pointing out of the alignment
layer at the bottom side, and pointing into the align-
ment layer at the top side. It is a case of weaker polar5 (D Õ P cos Q)

d

dx
(Õ P cos Q) 1 2Aee0 cos Q

d cos Q

dx interaction. The voltage over the cell is considered to be
positive. In the second case the polarization is pointing
into the alignment layer at both sides. It is a case of5 CD Õ P cos Q Õ

2Aee0
P

cos QD d

dx
(Õ P cos Q)

stronger polar interaction and corresponds to V 5 0
with the CDR state.

5 CD Õ P cos Q Õ
2Aee0

P
cos QD d

dx
3. Stability

If one begins in the ferroelectric-up state for a suY-
Ö CD Õ PA1 1

2Aee0
P2 B cos QD 1

1 1
2Aee0

P2

ciently strong positive voltage and then gradually lowers
the voltage, a state of type 1 as represented in � gure 2
is obtained. If one stays in this type 1 state up to V 5 0,
one does not end up in the CDR-state. It is only afrom which we obtain
solution of type 2, where both consecutive layers are in
a splayed state, that is the CDR-state that gives rise to

(ee0a)1/2
dQ

dx V-shaped characteristics.
If Q of the type 1 solution increases, the voltage V

decreases but at a certain point starts to increase again.
5 Ô

1

A1 1
2Aee0

P2 B1/2 CD Õ PA1 1
2Aee0

P2 B cos QD In [15] and also later in [2] it is clearly shown that
then the weaker surface, in this case the bottom surface,
jumps over to the type 2 situation, thus giving rise to a

5 Ô PA1 1
2Aee0

P2 B1/2
(cos Qu Õ cos Q) (5)

where the bulk equation (4 a) has been taken into
account. This equation can be solved analytically (see
equations (8) of [13]), but for the stability investigations
we need only an integral, i.e. the voltage over the cell.
This voltage can be calculated from equations (3 b)
and (4 a):

V 5
D

ea e0
da 1 P d

0

P
ee0

(cos Qu Õ cos Q)
1

dQ/dx
dQ

1
2A

P
d cos Qu .

In this equation ea is the isotropic dielectric constant of Figure 2. Q-distributions and cos Q-distributions at weak (1)
and strong (2) polar interaction.the alignment layers.
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852 H. Pauwels

splayed state. We want this to happen before reaching
V 5 0. We therefore want to investigate when at V 5 0
a type 1 solution becomes unstable and jumps over
to a type 2 solution. This requires Qb and da to be such
that V is both zero and minimum as a function of Q.
This implies that f V is a maximum, where f is arbitrary.
Indeed

d f V
dQ

5
d f
dQ

V 1 f
dV
dQ

5 0 1 0 5 0.

If f is negative, f V should be a maximum as a function
of Q. It therefore follows that

y 5
2Qu Õ Qb Õ Qt

cos Qu

Figure 3. Stability criterion at V 5 0 for antiferroelectric5 Aee0
a B1/2A1 1

2Aee0
P2 B1/2

P
liquid crystals. The coordinates x and y are de� ned in
equations (10) and (7), respectively.

Ö C da
ea e0

A1 1
2Aee0

P2 B 1
2A
P2

dD (7)

representative point (x, y) lies above the curve corres-should be a maximum as a function of Qb . It is possible,
ponding with a given c, the liquid crystal will end up inbut diYcult, to prove that Q at any x is a monotonous
the type 2 state at V 5 0, and thus give rise to V-shapedfunction of Qb . This maximum can be found from
characteristics.equations (2 a) and (5) by a simple computer program:

Note that � gure 3 is exactly the same as the curves
determined for a ferroelectric liquid crystal in [15],a

qQ

qx
5 c1 sin 2Qb Õ c2 sin Qb except that the parameters x and y have a diVerent

expression in the antiferroelectric case. The antiferro-
electric case reduces to the ferroelectric case if one sets5 Õ (cos Qu Õ cos Qb )A1 1

2ee0A

P2 B1/2 Pa

(ee0a)1/2
(8)

the antiferroelectri c interaction coeYcient A equal to zero.
The main in� uence of A lies in the term proportional tofrom which we obtain Qu , and from equations (2 b)
d in the square brackets of equation (7), which puts theand (5)
representative point (x, y) almost always above the corres-
ponding curve, even for zero alignment layer thickness da .a

qQ

qx
5 Õ c1 sin 2Qt Õ c2 sin Qt A numerical example will make this clearer. We take

P 5 100 nC cm Õ 2 5 10 Õ 3 C m Õ 2, a 5 4 Ö 10 Õ 12 N m Õ 1,
d 5 10 Õ 6 m, da 5 100 nm 5 10 Õ 7 m, A 5 1500 N m Õ 2 ,5 (cos Qu Õ cos Qt )A1 1

2ee0A
P2 B1/2 Pa

(ee0a)1/2
(9)

e 5 ea 5 5, 2Aee0 /P2 5 0.15, c1 5 c2 5 2.4 Ö 10Õ 4 N m Õ 1
which leads to x 5 0.78, y 5 20 5 43% contribution offrom which we obtain Qt by iteration. If this maximum
da and 57% contribution of d. From � gure 3 one seesvalue of y is found as a function of
that ycr 5 3, so that we are far above ycr and thus in the
CDR state.

x 5 Aee0
a B1/2 c1

P
1

A1 1
2ee0A

P2 B1/2
(10)

We conclude that V-shaped characteristics occur
more easily in antiferroelectric liquid crystals than in
ferroelectric liquid crystals.

for various values of c 5 c2 /c1 , we can � nd the stability In order to place this result in the context of the
criterion as shown in � gure 3. literature, we � rst need to discuss the work of Mottram

and Elston [10]. They impose (in� nitely) strong boundary
conditions Q 5 np, both polar and non-polar, and use a4. Discussion

If the representative point (x, y) lies below the curve computer program to calculate minimum energy states.
They � nd three types of solutions which we call: thecorresponding with a given c 5 c2 /c1 , the liquid crystal

will remain at V 5 0 in the type 1 state, and thus will splayed ferroelectric state (Q1 5 Q2 ), the splayed antiferro-
electric state (Q2 5 Õ Q1 ) and the normal antiferroelectricnot give rise to V-shaped characteristics. If instead the
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853V-shaped characteristics
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